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Abstract. We give methods for bounding the higher-order fiUing functions of 
a Carnot group and apply them to a family of quadratically presented groups 
studied by Chen [8] and Warhurst [22]. These methods give sharp bounds 
on some higher-order filling invariants of these groups. We show that groups 
with arbitrarily large nilpotency class can have euclidean n-dimensional filling 
volume; in particular, there are groups with arbitrarily large nilpotency class 
and quadratic Dehn functions. 



The Dehn function of a group measures the complexity of the group's word 
problem by counting the number of relators necessary to reduce a word to the 
identity. A key connection between geometric and combinatorial group theory is the 
observation that reducing a word to the identity corresponds to filling a closed curve 
with a disc. This allows geometric methods to be applied to the problem of finding 
bounds for the Dehn function. In the case of nilpotent groups, these geometric 
methods often come from Carnot-Caratheodory geometry; many nilpotent groups 
can be given a left-invariant Carnot-Caratheodory metric, and efhcient fillings of 
curves often come from discs satisfying certain tangency conditions. Gromov used 
such discs to bound Dehn functions for some nilpotent groups in [14] and [15]. In 
this paper, we will extend these techniques to groups of nilpotency class > 2 and 
to higher-order filling functions. 

One natural question is finding the range of Dehn functions for nilpotent groups 
of a given nilpotency class. Gersten's conjecture, proven by Gromov[14, 5.A5] 
using infinitesimally invertible operators and combinatorially by Gersten, Holt, and 
Riley[ll], gives an upper bound: all c-step nilpotent groups satisfy an isoperimetric 
inequality of order S{n) -< This is sharp; free c-step nilpotent groups achieve 

this bound [3]. 

A lower bound is provided by a theorem of Gromov [13] (see also [16]) stating 
that a group has a linear Dehn function if and only if it is hyperbolic and that 
any non-hyperbolic group has a Dehn function which grows at least quadratically. 
Thus, the Dehn function of any torsion-free non-abelian nilpotent group is at least 
quadratic. There are several examples of two-step groups achieving this bound; one 
goal of this paper is to give examples of groups of arbitrary nilpotency class which 
achieve this bound. 

One example of a family of two-step nilpotent groups with quadratic Dehn func- 
tion is the family of higher-dimensional Heisenberg groups. This result was stated 
by Thurston [9] and proved by Gromov [14], AUcock [1], and Sapir and Ol'shanskii 
[17]. Such two-step examples are relatively common; implicit in many of the meth- 
ods used on the Heisenberg group is the fact that many central powers of two-step 
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nilpotent groups satisfy such a bound (sec [24]). In [15], Gromov showed that hav- 
ing quadratic Dehn function is in fact generic for two-step nilpotent Lie groups that 
satisiy an inequality involving their rank and that of their abelianization. On the 
other hand, there are few known examples of nilpotent groups of class 3 or higher 
with quadratic Dehn function. An example of such a class 3 group was given by 
the author in [24] , and this paper presents the first known examples of class 4 and 
higher. 

Wc will bound the filling invariants of these examples by c;onstructing horizontal 
balls. These balls can be scaled to provide efficient fillings of large, "simple" spheres. 
The idea of using horizontal discs to bound the Dehn functions of nilpotent groups 
is due to Gromov[15, 14], who found bounds by decomposing a curve into "simple" 
pieces and using microflexibility to fill those pieces. In [24], we developed a com- 
binatorial version of Gromov's technique and used it to give an example of a class 
3 group with quadratic Dehn function; in this paper, we will extend this technique 
to more groups and higher dimensional fillings. This technique gives some of the 
first sharp bounds on higher-order Dehn functions of nilpotent groups. Previously, 
sharp bounds wore known only for abelian groups[10] and the top- dimensional filling 
functions of nilpotent groups[21, IV. 7]. 

We will construct a family of nilpotent groups J™(]R'^) and prove: 

Theorem 1. For any ni > 0,k > 0, the group J™(]R.'^), when endowed with a 
left-invariant riemannian metric, has 

FVi{V) ~ di-i ~ 

for i < k, and 

FVk+iiV) ^ 5k ^ 

For i < k, these are the same filling inequalities as for euclidean space, so we 
call these bounds euclidean. Since J'"(R'^) will have nilpotcncy class m + 1, this 
gives examples of groups of any nilpotency class with euclidean filling functions. In 
addition, since J^(M'^) = H^'=+^, where 11^'^+^ is the 2k + 1-dimensional Heisenberg 
group, parts (i) and (ii) of Conjecture 5. D. 5(f) in [14] follow as a special case: 

Corollary 1. For H^'^+^ endowed with a left-invariant riemannian metric, 

FVi{V) ~ di-i ~ 

for i < k, and 

FVk+l{V)^Skr^V^ 

One notable feature of these bounds is that they can be achieved by families of 
scalings of cycles, that is, by families of cycles which are difficult to fill not because 
they are topologically or geometrically complex, but because they are large. Indeed, 
the basic idea of this paper is to use approximation techniques to break a complex 
cycle into simple pieces and thus show that complex cycles are no more difficult to 
fill than simple ones. We conjecture that this is in fact true for all nilpotent groups 
with scalings, namely: 

Conjecture 1. Let G be a Carnot group. There is a map a : S'^ ^ G such that 

5\st{a)) ~ 5\Y0\{st{a))) 
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i.e., there is a family of scalings of a single cycle which gives a sharp lower bound 
on the Dchn function. Some support for the conjecture can be found in Theorem 3 
of [24] , which shows that when k = 1 and the group G has a lattice and a polynomial 
Dehn function, then a can be chosen to be a relator of the lattice. If true for larger 
values of k, the conjecture would imply that 

^kk+i ~ for i > fc 

and that for any nilpotent group of class m. 

The euclidean upper bomids in Theorem 1 are obtained by proving that if G has 
"enough" A;-dimensional horizontal submanifolds, then FVk{G) is at most euclidean 
(Theorem 3) and that the J"(R'') have "enough" horizontal manifolds (Lemma 
12). The non-cuclidean upper bound will follow from Theorem 6, a generalization 
of Theorem 3 to a weaker horizontality condition. The lower bounds will follow 
from Theorem 7, which uses cohomology to show that certain submanifolds are 
difficult to fill. 

In Section 1, we will introduce some preliminaries on the geometry of Carnot 
groups and filling functions, including scaling automorphisms and horizontal maps. 
In Section 2, we will prove Theorem 3, which is the basis for all our upper bounds 
on filling functions. In Section 3, we will define the J'"(M'^) and show that they 
satisfy the conditions of Theorem 3. In Section 4, we will introduce some tools 
for bounding higher-order filling functions in more general nilpotent groups. These 
will allow us to give an upper bound on the higher-order filling functions of c-step 
Carnot groups and find an upper bound on FVk+i of J'"(R*'). Finally, in Section 5, 
we will give cohomological lower bounds for higher-order filling functions, showing 
that our isoperimetric inequalities for the J'"(R'^) are sharp. 

The work in this paper was done as part of the author's doctoral thesis at the 
University of Chicago. The author would like to thank Shmuel Weinberger and 
Benson Farb for their help and advice, and to thank an anonymous referee for their 
advice on clarifying and simplifying the exposition. 

1. Preliminaries 

The Dehn function of a group is an invariant measuring the complexity of the 
word problem by counting the number of relators necessary to reduce a word to the 
identity. This can be interpreted geometrically as a problem of filling closed curves 
in a corresponding space with discs; this equivalence is an important connection 
between geometry and combinatorics. In this section we will define Dehn func- 
tions and their higher-dimensional analogues; for a more detailed survey of Dehn 
functions, see the paper by Bridson [4]. 

We first describe the combinatorial version of the Dehn function, based on the 
word problem: 

Definition 1 (Dehn function of a group). Let H — {ai, . . . , a^lri, . . . , rg} he a 
group. Any word w in the representing the identity can be reduced to the trivial 
word by using the relators; that is, there is a decomposition 

k 

w = Yi Gi^'Tb^Qi-, for some gi, bi 

i=l 
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where the equality is taken in the free group generated by the ai . We define the area 
5{w) of w to he the smallest k for which such a decomposition exists. 
We then define the Dehn function of H by setting 

S{n) = maxS{w). 

where the maximum is taken over all words representing the identity with at most 
n letters. 

This function depends on the presentation of H, but only by a hnear distortion 
of the domain and range. We define the partial ordering 

(1) f-<g iff 3A,B, C, D, E s.t. f{n) < Ag{Bn + C)+Dn + E iov al\n 

and let / ^ g iff / -< g and / >- g. Then if S and 5' are Dehn functions corresponding 
to two finite presentations of the same group, S ~ 6' , so the Dehn function of a 
group is defined up to this equivalence relation. Moreover, if S and S' are Dehn 
functions of quasi-isometric groups, then 6 ~ 6', that is, the Dehn function is a 
quasi-isometry invariant. 

A presentation for H corresponds to a presentation complex, a 2-complex with 
one vertex whose edges correspond to generators and whose faces correspond to 
relators. Its universal cover is a simply-connected 2-complcx whose 1-skeleton is 
the Cayley graph of H and whose faces correspond to conjugates of relators. Words 
representing the identity then correspond to closed curves in the universal cover and 
decompositions as in Definition 1 correspond to van Kampen diagrams (roughly, 
mappings of discs into the 2-complcx) with boundary w. The area 6{w) of w is 
then the minimal number of faces in such a van Kampen diagram. This inspires a 
geometric definition for S. 

Definition 2 (Dehn fimction of a manifold). Let M be a simply- connected riemann- 
ian manifold or a simplicial complex with the metric of a Riemannian manifold with 
corners on each simplex. Given a Lipschitz closed curve 7 in M , define its area 
15(7) to be the infimum of the areas of all the Lipschitz discs bounded by 7 and define 
the Dehn function 6 of M: 

5(n) = sup (^(7). 

where the supremum is taken over all Lipschitz closed curves of length at m,ost n. 

The connection between these two definitions is given in a theorem stated by 
Gromov and proved in [4] and [7]: 

Theorem 2. If M is as in Definition 2 and H is a finitely presented group acting 
properly dis continuously, cocompactly, and by isometries on M, then 6h ^ 5m- 

These functions can be generalized to filling functions for spheres of higher di- 
mension. 

Definition 3 (Higher-order Dehn functions). Let M be a k-connected riemannian 
manifold or a simplicial complex with the metric of a Riemannian manifold with 
corners on each simplex. Given a Lipschitz m,ap 7:6''^^ M, define its filling 
volume S''{'y) to be the infimum of the areas of all the Lipschitz balls bounded by 7 
and define the k-th order Dehn function S'' of M: 

5'^{n) = sup 5*^(7), 

where the supremum is taken over all Lipschitz maps of volume at most n. 
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We can define the fc* -order Dehn function of a group G to be the A:* -order Dehn 
function of any fc-connected complex on which G acts properly discontinuously, 
cocompactly, and by isometries. Then 5i is just the geometric Dehn function defined 
above and Theorem 2 extends to state that higher-order Dehn functions are well- 
defined up to the equivalence relation of (1). 

Gromov uses another generalization in [14] , which uses the Lipschitz cycles and 
chains of Federer and Fleming [10] . Define the filling volume of a Lipschitz fc-cycle 
as the infimal volume of a Lipschitz {k + l)-chain that it bounds. Then FVk+iiV), 
the (fc + l)-dimensional filling volume function, can be defined as the supremal 
filling volume of a fc-cycle of volume at most V. Note that the subscripts of the 
two functions differ: FVk measures fillings by fc-chains and 5k measures fillings by 
{k + l)-submanifolds. Furthermore, FVk is not a priori related to 5k-i, though the 
functions are equivalent in many cases and the bounds obtained in this paper will 
apply to both. 

Under appropriate finiteness conditions, one can define equivalent functions using 
combinatorial maps instead of Lipschitz maps. Roughly speaking, if a group has 
a K^-K, 1) with finite fc-skeleton, we can define; filling functions for tt by counting 
the number of simplices needed to fill a simplicial map of a /c-sphere or a simplicial 
fc-cycle. We will not use the combinatorial version here and refer the interested 
reader to the papers by Alonso, Wang, and Pride [2] or Bridson [5]. 

Wc will also need some background on the geometry of homogeneous nilpotent 
Lie groups. Let G be a nilpotent Lie group and g its Lie algebra. Then if we let 
01 = g and 0, = [0,0j_i], there is a filtration 

= 01 D • • • D 0fc D 0fe+i = 

corresponding to the lower central series, and [0j,0j] C Qi+j- If 0fe ^ 0, we call k 

the nilpotency class of G. 

Definition 4 (Carnot group). A Carnot group is a connected, simply connected, 
nilpotent Lie group G for which the filtration on g can be refined to a grading 

g = Vi®---®Vk 

such that [Vi,Vj] C Vi+j and which is equipped with a left-invariant riemannian 
metric on G for which the Vi are orthogonal. 

If G is Carnot, we can define a family of scaling automorphisms St of which act 
on Vi by multiplication by f*, that is, \iv = Vi, for Vi &Vi, then St{v) = J2i ^^'^i- 
These extend to automorphisms of G. 

It will be important to know how the volume of a chain changes under scaling. 
First, extend the Vi to left-invariant subbundles of TG. Then St distorts vectors 
in TG according to where they lie in the grading. If u G Vi ® • • • © Vj, then 
||st*(i^)|| < t^\\v\\ for t > 1 and ||st*(f)|| < t\\v\\ for t < 1. Maps with tangent 
vectors all lying in Vi will be called horizontal. 

Definition 5 (Horizontal map). Let f : X ^ G he a Lipschitz ma,p from, a, simpli- 
cial complex to a Carnot group. The derivative of f is defined almost everywhere; if 
the image of the derivative lies in a left-invariant distribution V of tangent planes 
in TG almost everywhere, f is F-horizontal, which we shorten to horizontal when 

V^Vi. 

Then, for instance, if / : X — > G is a map from an n-dimensional complex X 
which is (Vi ® • • • ® Vi)-horizontal, then vol(st o /) < t"' vol/. In particular, if / 
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is horizontal, then vol(st o /) = t" vol / for all t. On the other hand, if t < 1, the 
bound vol(s( o /) < vol / holds for any /, regardless of horizontality. 

One final fact about nilpotent groups and scaling automorphisms is that if a 
homogeneous nilpotent group contains a lattice, it contains lattices which contain 
their scalings, that is, St{T) C F for t e N. The following proposition previously 
appeared in [24]: 

Proposition 2. If G is a Garnot group with a grading 

= © • • • © T4 

of its Lie algebra and T <Z G is a lattice, then G has a lattice Tq generated by 
elements o/expFi. 

Proof. Define pi : q ^ Vi to be the projection onto the ith fac;tor of the grad- 
ing and define F^^^ — F, F^*^ = [F,F(*~^^] to be the lower central series of F. 
Consider the subgroup Fq of G generated by exp(pi(logF)). If this is a lattice, 
it is compatible with the grading by definition. We will show inductively that 
PjilogT^Q^) C pj(logT^^^). Since each of the pj(logF(^^) is a lattice in Vj, this will 
show that Fq is discrete. In proving this, we will also see that it has finite covolume. 
In the case j = 1, note that, by the Baker-Campbell-Hausdorff formula 

exp(u) exp(t;) = exp('u + v + - [u,v] + . . .) 

Pi(log(exp(u) exp(w))) = u + v. 

Thus pi(logro) is a subgroup of Vi generated by the projections of the generators 
of F, and thus in fact pi(logFo) = pi(logF). Moreover, since pi(logF) is a lattice 
in Vi, Fq has finite covolume. 

Ifpj(logF(^'^) c pj (log F(J)), we claim that pj+i (log f[,^+^^) c pj+i (logF(^+i)). 
As before, pj+i(^\ogTQ~^^^) is a subgroup of V^+i- By the induction hypothesis, 

if u G Fo, V G Fg''^ there arc u' E T, v' E T^^^ such that pi(logu) = pi(logu') 
and pj{logv) = pj {log v'). Therefore, again using the Baker-Campbell-Hausdorff 
formula, 

Pj+i(log[u,w]) = pj+i{[logu,logv]) =log \pi{\ogu),pj{logv)] =pj+i{log[u',v']), 

so pj+i (log F^^+') ) c pj+i (log FO+1) ) . □ 

If Fq is such a lattice, generated by elements ai, . . . , G exp Vi, then St(ro) is 
the sublattice generated by a^, . . . , a^. 

2. Proof of Main Theorem 

In [14] and [15], Gromov used scaling automorphisms, horizontal maps, and mi- 
croflexibility to bound the Dehn functions of nilpotent groups. He used microflexi- 
bility to fill small curves and scaled them into fillings of large curves. Our theorem 
extends this to higher dimensions and uses the existence of certain horizontal tri- 
angulations instead of microflexibility. 

We will first state the theorem in terms of a strong existence property for hori- 
zontal maps (cf. Gromov's disk extension theorem and Lipschitz extension theorem 
in [15, 3.5.D]), but the theorem holds under weaker assumptions. 

Definition 6. If for any 1 <i < k and any horizontal map f : S''~^ —^ G, there is 
a horizontal map f : ^ G extending f, we say that G has property horizk ■ 
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This property is actually much stronger than is necessary. It is only used to 
prove Lemma 4, which provides some horizontal maps and triangulations, so any 
other way of obtaining such objects will suffice to prove Theorem 3. 

Note that though property horiz^ provides horizontal fillings, the volumes of 
these fillings are not bounded; this is similar to the situation in [14, 5. A3]. Our 
theorem is that we can find fillings of bounded volume. 

Theorem 3. Let G be a nilpotent group which contains a lattice T and k be a 
number for which the conclusion of Lemm,a 4 holds. Then 

FV^{V) -< for 2<n<k. 

By Proposition 2, we may assume that S2(r) C T. 
We will proceed as follows: 

(1) Using the Federer-Fleming deformation lemma (Lemma 3), we will show 
that a j-cyclc a in G can be approximated by a horizontal cycle Po{ot) of 
volume at most Cvol(a). 

(2) We will construct a series of approximations Pi{a) of various scales by using 

scaling automorphisms. Pi{a) will consist of simplices of diameter « 2* and 
volume « 2*-' and its volume will be at most C vol(a); thus, when i is small, 
Pi{a) is an approximation by many small simplices and when i is large, it 
is an approximation by a few large ones. In particular, if i is sufficiently 
large (2*-' » vol(a)), then the volume bound and the size of the simplices 
imply that Pi{a) = 0. 

(3) The approximations Pi{a) and Pi-\-i{a) are relatively close together; their 
distance is 2*. We will construct a series of horizontal chains Tj with 
boundary 

Pi{a) - -P(s^i+io0)(r)(a) i > 

and volume at most 2'Cvol(a). We will connect these approximations 

together to obtain a filling of a and bound its volume. 

We first state the version of the Federer-Fleming deformation lemma which we 
will use. If X is a space with an action by F, define a F-adapted triangulation of X 

to be a F-invariant triangulation of X which descends to a finite triangulation of 
X/T such that on each simplex the metric restricts to that of a riemannian manifold 
with corners. 

Lemma 3 (Deformation Lemma[10, 9, 7]). Let M be a space with a riemannian 

metric on which a group F acts properly dis continuously, cocompactly, and by isome- 
trics. Let T be a T-adapted triangulation of M. A chain a can be approximated by 
a chain Pria) in r in the following sense: If a is a j -chain in M with boundary 
da. a simplicial cycle in t^^~^\ then there are a j-chain Pr{ct) and a {j + l)-chain 
Qt{oi) such that 

(1) Prict) is a simplicial chain of t^^^ 

(2) dPria) = da 

(3) dQr{a) ^ Pr{a) - a 

(4) vol Pr (a) < CrVOl(a) 

(5) vol Qr{(x) < CT-vol(a) 

where Cr depends only on M and r. 
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Proof. Fcderer and Fleming prove a version of this lemma for R"[10, 5.5], and 
another version was used to work with higher-order Dehn functions in [9]. Burillo 
and Taback [7] used similar methods to prove a version of the lemma which is 
essentially the one used here. □ 

To use this to construct horizontal approximations, we need the triangulation to 
be horizontal. Property horiz/; provides such triangulations. 

Lemma 4. Let G be a Carnot group with property horizk- Let T be a cocompact 

lattice in G such that S2(r) C F. Then there is a T -adapted triangulation t of G 
and a T-equivariant Lipschitz map (j) : G ^ G such that 4> is horizontal on the 
k-skeleton t^'^^ of t. 

Furthermore, there is a S2{T)-adapted triangulation p of G x [0, 1] which restricts 
to T on G X {0} and S2{t) on G x 1 and a S2{T)-equivariant Lipschitz map ^ : 
G X [0, 1] such that 

• V'|gx{0} = </> 

• V'lcxfl} = S2 0(1)0 S^^ 

• tp is horizontal on v^^^ 

Proof. Wc choose t to be any F-adaptcd triangulation of G and v to be any S2 (F)- 
adapted triangulation of G x [0,1] with the appropriate restrictions on G x and 
G X 1. Since S2(F) C F, this is possible. 

We then construct (f) by induction; it is trivial to construct a F-equivariant map 
on the 0-skeleton, and if we have constructed a F-cquivariant map on r''*~^\ we 
can construct a F-equivariant map on t^'-' which is horizontal \ii <k and Lipschitz 
if i > fc. We construct ip in the same way. □ 

Fix T, v, (j), and ip. If a is a Lipschitz j-cycle for j < k, we can use the 
Deformation Lemma to construct an approximation 

of a by a horizontal cycle lying in (j){T^^^), where 0" is the map induced on chains 
by (j). 

Conjugating with leads to a coarser approximation 

(4. o,/.»oP^os«_.)(a) 
with cells of diameter fa 2' and lying in S2i(0(r*^-'))). Define 
Pi{a) := (4 o 0« o P., o sl_,){a) 

Then 
Lemma 5. 

vol(Pi(a)) <c^Lip((/))J 
for all j -cycles a, where Cr is the constant from the Deformation Lemma. 

Proof. Note that by the choice of the metric on G, for any j-chain a and any 

< i < 1, 

vol (4 (a)) < t^vo\{a) 
and that for any horizontal j-chain a and any t > 0, 

vo1(4((t)) =i^vol(c7). 
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Then 

vol(Pi(a)) < 2'^ Up{(f>y Cr2-'\a) 
as desired. □ 

We want to construct horizontal cycles connecting these approximations. As 
in constructing the approximations, we will proceed by giving a construction at a 
small scale and scaling to obtain a construction for an arbitrary scale. 

Lemma 6. There is a constant ct depending only on r, v, (j), tp, and the metric such 
that if a is a Lipschitz j-cycle in G, j < k, then there is a horizontal j + 1-chain 
To(q) such that 

dTo{a) = Po{a) - Pi{a) 

and 

vol To (a) < CTVol(a). 
Proof. Let : G ^ G x [0, 1], i = 0, 1, be the map Li{g) = {g, i). Let 
/3 = (t» o Q,) {a)+ax [0, 1] - {i\ o 4 o o 4_, ) (a). 
Then /? is a {j + l)-chain in G x [0, 1] with boundary 

dp = iliPria) -a) + ilia) - i{{a) - o 4 [p.(4_,(a)) - 4_i(a)]) 
= .»(P,(a))-(4o4oP,o4_,)(a) 
and volume 

vol(/J) < c^vo1(q!) +vo1(q!) +Lip(s2)''+^c^2-^ vol(a) 
< Cvol(a) 

where C = + 1 + Lip(s2)^'+^Cr2-J'. 

Let To (a) = (ip^ o P^){/3). Note that since 8/3 lies in we have dP^{P) = d/3 
and 

dTo{a) = otlo P^){a) - (^t o t{ o 4 o P, o 4-1 ) (a) 

= <pHPr{a)) - (4 o o P. o 4-0 (") 
= Po(a)-Pi(a) 



and 

Thus letting 



vol(To(a)) < Lip(^)^+^c^Cvol(a) 



CT = Lip(V)^+^c^Gvol(a) 
fulfills the conditions of the lemma. □ 

Conjugating To with a scaling gives cycles connecting the other Pj's. That is, if 
T,(a) := (4oroo4_,)(a) 

then 

vol(Ti(a)) < 2*(-'+i)ct2-*^' vol(a) = 2*CTVol(a) 

and 

d{T,ia)) = Pi{a) - Pi+i{a). 
Finally, there is a (n — l)-chain connecting a and Po{a): 
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Lemma 7. If a is a j-cycle, I < j < k, there is a {j + l)-chain f3o with dPo = 
a — Po{cx) and 

vol(/3o) < Cvol(a) 
for some constant C independent of a. 

Proof. Let a; : G x [0, 1] — > G be a Lipschitz homotopy from the identity to <f). We 
let 

(3o=J{ax[Q,l\)-ct>^{Qr{a)); 

then 

9/3o = a - (t)\a) + (t)\a) - <t)\Pr{a)) =a- (j)\Pr{a)) 
as desired and 

vol(/3o) < Up{uy+^ vol(a) + Lip(^)^+ic^ vol(a). 

□ 

Using these constructions, we can prove the theorem. 

Proof of Theorem 3. Given a j-cycle a, 1 < j < A;, we need to construct a (j + 1)- 
chain /3 with d(3 = a. This chain will be of the form 

io 

where df3o = a — -Po(q^) ^ in Lemma 7. Then 

df3 = a- Pio+i(a); 

we need to show that Pio+i(a) = for an appropriate choice of io and bound the 
volume of 0. 

We first claim that 

Pio+i(a) = o o o s« (a) = 

for an appropriate choice of iq. Recall that 

vol(4_(,„+„(a)) <2-^"(^«+i)vol(a) 

and so Pr(s2-(to+i) (^)) ^ simplicial cycle in r of volume at most Ct-2~-'*^*°+^) vol(a). 
Let D be the smallest volume of a j-simplex of r and choose io to be the integer 
such that 

2-W < c^2-^('°+^) vo1(q!) < D. 

ThenP,(4_(.„^„(a)) =0. 

Finally, we bound the volume of /3. We have that 

vol(/Jo) < Cvo1(q!) 
vol(Ti(Q!)) < 2'cTVol(a). 
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So 

■io 

vol(/3) < C vol(a) + ct2* vol(a) 

< Cvol(a) + ct2'<'+^ vol(a) 

< C vol(a) + ct ( ^ j vol(a) 

-< vol(a) J 

Letting n = j + 1, we find that FV^{V) -< as desired. □ 

One can use the same techniques to show that other higher-order fiUing invariants 
of such a group are euchdean. For instance, the j-th order Dehn filfing volume 

(a) of a Lipschitz map a : S'-' ^ G is the infimal volume of a Lipschitz homotopy 
between a and a point. We will sketch how to adapt the construction above to 
produce such homotopies. 

First, the Federer-Fleming deformation lemma can be modified to produce ho- 
motopies (see for instance, [9], [7]). We will use the following statement, which is 
essentially Lemma 2.1 of [7]: 

Lemma 8. Let G and r be as in Lemma 3. Then there exists a constant c^, 
depending only on G and t, with the following property: Let X he a finite simplicial 
complex of dimension j and Xq be a subcomplex of dimension j — 1 . Let a : X G 
be a Lipschitz map such that a(Xo) C r^-'"^^. Then there exists a Lipschitz map 
P^{a) :X^G such that 

• Pr{a)\x„ = a\x„ 

and a homotopy Q'^ia) : X x [0,1] G such that 

• Q'^{a){x,0) = a{x) 

. Q'^(a){x,l) = Pl^{a)(x) 

• (5^(a) is constant on Xq 

• volQ^(a) < 4vo1(q!) 

We can then define approximations 

Pf'ia) := {S2i o cj> o P^){s2-i oa):S^^G 
and state an analogue of Lemma 6. 

Lemma 9. If the maps of Lemma 4 exist, there is a constant depending only 
on T, v, (j), and if) such that there is a horizontal homotopy To'(q;) : x [0, 1] — > G 
between -Po'(a) and Pi {a) where 

vol To'' (a) < 4vo1(q;). 

As before, when i > 0, we can define 

Ttia) = s^. {T^is^-.oa)) : x [0,2'] ^ G. 

This is a homotopy connecting P/* and P^^^ and satisfying 

vol(i;''(a)) < 2'4vol(a). 
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Wc can then sketch the proof of 

Theorem 4. Let G he a nilpotent group with property horizk- If ^ < j < k, then 
there is a constant C such that for any Lipschitz map a : ^ G, there is a 
Lipschitz map (3 : — »• G extending a, and having volume 

vol(/3) < Cvol(a)^. 

Sketch of proof. Let a : ^ G and let and to be as in Theorem 3. It suffices 
to construct a Lipschitz homotopy (3 between a and a point which has volume 
< vol(a) ^ . This (3 will be composed of a homotopy (3q between a and Pq (a) , a 
series of homotopies T/*, Q < i < io, and finally, a homotopy (3i between P^^_,_j(a) 
and a point. 

The only new argument is the construction of /3i. As in Theorem 3, the image 
of ^^(SgiJ+i ° oi) is too small to fully contain any j'-simplex of r. For each j- 
simplcx A of T, choose a point p G A not contained in the image of P^(s~J^.i o a). 
Radial projection from p to 9A gives a Lipschitz homotopy from P!^[s~^^j^^ o a) 
to a map which misses the interior of A. This homotopy lies in r^-^^ and thus has 
zero (j + l)-volume. Doing this simultaneously for all j'-simplices gives a Lipschitz 
homotopy from P.^(s~g+i o a) to a map whose image lies in t^^~^\ This can be 
shrunken to a point through a homotopy which also has zero (j + l)-volume. If 
we denote the whole homotopy from P^(s~jJ+i o a) to a point by j3[, we can let 

A = s2*o+i o0o/?i- n 

The proof of Theorem 4 leads to a weaker version of property horizfe. Namely, 
one can show that any horizontal j-sphere, j < k, can be filled with a disc which 
is locally Lipschitz on its interior and has horizontal tangent planes almost every- 
where. The construction is as follows. Let a : —> G he a. horizontal sphere. 
Then vol(s((a)) = Pa, and so 

vo\{Pi{a)) < c'^voUa) 

vo\{T^{a)) < 2'4vol(a) 

for all i, not just i > 0. Moreover, as i ^ — oo, Pi{a) converges to a in the C° 
sense. We can thus glue the T, for z G Z, i < io together to get a map f3 : D^~^^ — > G 
which is locally Lipschitz on the interior, continuous on the boundary, has horizontal 

j+'i 

derivative almost everywhere, and has volume vol(/3) < C vol(a) ^ . 

We have yet to show that there are any groups besides for which Lemma 4 
holds. We will do so in the next section. 

3. Jet groups 

In this section, we will construct a family of groups with many horizontal sub- 
manifolds and show that they satisfy euclidean filling inequalities. This family has 
also appeared as a family of non-rigid Carnot groups [22] and a family of quadrat- 
ically presented Lie algebras [8]. War hurst defined the group by putting a group 
structure on the m-jet bundle J'"(M''); we will give a version of this construction. 

The m-jet bundle is a generalization of the cotangent bundle which is often used 
to describe differential relations. A smooth map from M to M has a gradient which 
can be considered as a map from M to TM*. Its higher-order derivatives can 
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similarly be considered as maps to jet bundles. We will describe J™(M'^), the m-jet 
bundle of M.'^. This is a vector bundle with fiber 

where Wi := S'R''* is the ith symmetric power of M'^* and Wo := S"R''* = R. Then 
a map / : M*^ ^ M corresponds to a C*"-™ section, called a prolongation, j"^{f) : 
]^fc _^ J"»(M'=), given by taking derivatives: the projection to Wq corresponds to 
the original map, the projection to Wi = M** is the gradient of /, and so on. We 
will often write jp^{f ) in place of 

Using a basis of M*^, we can construct a basis of W. Let {ei, . . . , e/j} be the 
standard basis of M*^ and {ej, . . . , ej^} be the standard basis of M'^*. If we let 

k 

2/(ax,...,a.) 

j=l 

then 

{y(ai,...,a,)|X^ai = "} 

is a basis of Wn and 

is a basis of W. Using this basis, we can write J'"(]R*^) as a product J"*(]R'^) = 
R'' X W. 

We can now define the group structure. Let p = {pi,P2),q = (91,92) S J™(M'^), 
where pi,qi G R'^ and P2, 92 G W. Define 

so that 

j™(/)= (p,iP™(/)) 

and define P{p) : R'^ R to be the unique degree m polynomial in k variables 
such that £>™ (P(p)) = p2. Then let 

{pi,P2){qi,q2) = (pi + quD^^^g^{Pip))+q2) . 

One can check that with this multiplication, J"^{R'') is a group, R'^ x {0} is a 
subgroup, and p ■ (R'' x {0}) is j™(P(p))(]R'=). 

To describe the Lie algebra jm,k of J'"(M'^), consider the basis 

{y(ai,...,afc)|X]^' - U{ei,...,efc} 

of jm,fc- Calculating brackets, we find that 

[ei, 2/(ai,...,Ofc)] = y(ai,...,a*-l,...,aO if > 0. 

and all other brackets are zero. This is isomorphic to the Lie algebra correspond- 
ing to the model Mm,k defined by Chen [8]. Since the structure constants of 
jm,k with respect to the basis {xi,y(^ai,...,ak)} rational, {expxi, . . . ,expa;fc} U 
{ey^py(ai....,ak) \ = generate a lattice in J™(IR'^). Call this lattice r„j j,. 

Note that the groups J^(R'^) are the (2/c-|- l)-dimensional Heisenberg groups and 
J^(M^) is the class 3 example given in [24]; one isomorphism between them takes 

a, b, c, d,e,f,g,h 
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to 

2/(2,0), a;i, X2, 2/(o,2), -y(i,o), 2/(o,i), -2/(o,o) 

respectively. 

Warhurst shows that the tangent distribution corresponding to M'^ © Wm agrees 
with the standard contact structure on J™(M*') [22, Thm. 4.4.1]. This impUes that 

if / : ?7 ^ M is smooth, then the image of the prolongation j"^{f) : U — > J"*(M'^) 
is a horizontal submanifold. We can also see this directly. 

Lemma 10. IfU is an open subset ofM.'' and f : U ^ M. is smooth, then the image 
ofj^'if) :U ^ J"'{R'') is a smooth horizontal submanifold o/ J™ 

Proof. Let x G U. By left-translating to the origin, we can assume x = and 

/ vanishes to m*"^ order at 0. The tangent plane to j"^{f) is the graph of the 
(m + l)-st derivative (considered as a linear map R'^ — > Wm) of / at and lies in 
M*^©W„. □ 

In [15, 4.1.D, 4.4.A-B] Gromov uses flexibility to prove an Extension Theorem for 

the jet bundle, which implies the existence of the maps required by Lemma 4. Thom 
[20] also sketches a proof of a similar theorem. To keep this paper self-contained, 
we will give another proof here. 

We first define a class of horizontal manifolds coming from the construction of 
Lemma 10. 

Definition 7. If Y is a submanifold of j"^{f){M), it is holonomic if and only if 
there is a piecewise smooth submanifold M o/M*', an open set U CR'^ containing 
M, and a sm,ooth map f : U R such that the Y = j"'{f){M). 

If X is a complex, a Lipschitz map f : X J"*(M'^) is holonomic if and only if 
its image lies in a holonomic submanifold o/ J"*(1R'^). 

Lemma 10 then implies that holonomic submanifolds and maps are horizontal. 

A cycle in a holonomic submanifold is equipped with a smooth function; we can 
often use this to construct a holonomic filling. That is, if a is a holonomic cycle, 
let / : M*' — > M be a smooth map and a' be a cycle in R'' such that a = i"* (/)(«' )• 
Let /3 C M'^ be a chain in K*^ whose boundary is a' and g be an extension of / to 
an open neighborhood of /?. Then j"^{g){0) is a horizontal chain whose boundary 
is a. 

In general, a horizontal map is not necessarily even locally holonomic, and it 
can be difficult to fill an arbitrary horizontal map with a horizontal filling. For our 
purposes, it suffices to fill locally holonomic maps. To work with such maps, we will 
define augmented maps which are horizontal maps locally equipped with smooth 

functions. 

Definition 8. Let X be a simplicial complex. Letp^k : J™(M'') — > R*^ be the bundle 
projection. An augmented map from X to J™(R*') is a tuple consisting of 

ia:X^ J'"(K^), {/a : Va ^ R}acx) 

where: 

(1) For any simplex A in X, the set Va is a neighborhood of p-^k {a(A)) . 

(2) The maps /a : Va R are smooth maps satisfying the condition that if 
Ai C A2, then Vai C Va2 o,nd 
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(3) IfxeA, then a(a;) = (/a). 

By condition 3, the restriction of a to any simplex A of X is holonomic, so a is 
horizontal. Such maps can often be extended using a partition of unity. 

Lemma 11. //k : A — > M'^ «s a Lipschitz embedding of a simplex and 

is an augmented map on dA such thatp^k oao = '^laA; there is an augmented map 
(a, {f'g : R}5ca) to A such that: 

(1) a extends ao. 

(2) o a = K. 

(3) f's = fs\v^ for any simplex 6 C dA. 
Proof. Let Va be a neighborhood of k{A) and let 

Us U k{6') for all 6 c A. 

Then Us is open, Us D K;(int(^)) and the Us cover k{A). Let {ps}5cA be a smooth 
partition of unity subordinate to {Us}. Using this partition, we can construct the 
required /' and the V^'. 

For each simplex 5 c A, define 

^5 =VS-\J SUpp(p5,)- 

Since if 5' (f_ (5, then Us' n k{S) = 0, the set is a neighborhood of k{6). One can 
also check that ii 5 C S', then Vs c Vs'. Define 

f^{x) -.Vi^R 

f'six) := ^ps'{x)fs'{x) 

5' 

a : A ^ J'"(M'^) 
<^{x) := J^i.^ifk) 

It is easy to verify that this is an augmented map. We claim that it satisfies the 
conditions of the theorem. Condition 2 is clear. We claim that condition 3 holds; 
this implies condition 1. 

If a; G V^, and 6' (fi 5, then ps'{x) = 0. In particular, if ps'{x) ^ 0, then 5' G 6 
and thus fs'{x) = fs{x). Thus 

f'si^) = ^PS'ix)fs'ix) 

5' 

= X) PS'ix)f5'ix) 
5'CS 

= fsix) 

as desired. □ 



16 



ROBERT YOUNG 



We will use this to construct maps satisfying the conditions of Lemma 4. We 
first define an action of J"*(IR'^) on augmented maps. Let p = (pi,P2) G J'"(M'^). 
Define 

p(a,{/A}Acx) = (pa, {p/a}ac^) 

where 

{pa){x) = p ■ a{x) 

ipfA){x)=fA{x-pi)+P{p){x). 

It is easily checked that this is an action on the space of augmented maps. 

Lemma 12. There are t, (j), and ip satisfying the conditions of Lemma 4 for 

G = J™(M'=), r = Tm,k, and k = k. 

Proof. Choose r to be a Fm^fe-adapted triangulation of J'"(R'^) and i/ to be a 
rm.fe-adaptcd triangulation of J™(M'^) X [0, 1] with the appropriate restrictions on 
J'"(M'=) X and J"(M'=) x 1. 

Note that there is a projection J™(M'^) M*' sending Tm,k to Z'^, and so we can 
construct an action of ^ on Mf' . After possibly subdividing r, we can construct 
a r^./c-equivariant map k : t ^ R*^ so that the vertices of any simplex of t lie in 
general position and each simplex is mapped linearly to M'^; this is an embedding 
on each simplex in r'*^^ . 

We can now use Lemma 11 to build a r„j,/j-equivariant augmented map on the 
0-skeleton, then the 1-skeleton, and so on up to the /c-skeleton. This constructs a 
horizontal FTO^fe-equivariant map on t^''^ which can then be extended to J™(R'^). 
We construct similarly. □ 

We thus have 

Theorem 5. J"*(M'^) satisfies the filling inequalities 

FV{V) -< for2<n<k. 

Note that the construction in Proposition 11 is independent of m; in fact, the 
proposition can be stated in terms of the sheaf of smooth functions. Recall that we 
can define an equivalence relation on the set of smooth functions defined on neigh- 
borhoods of X by letting / ~ g if and only if / and g agree on some neighborhood of 
X. An equivalence class of such functions is called a germ of smooth functions at x, 
and encapsulates all local information about the functions. In particular, j^{g) is 
well-defined when g is a germ at x, and thus gives a projection from the bundle of 
germs to J"*(]R'^) for any m. Moreover, the bundle of germs can be given a topology 
in which a map X G(M'^) is continuous if and only if it is locally holonomic. An 
augmented map then corresponds to a continuous map from X into the bundle of 
germs of smooth functions over R'^, and so our theorem states that such maps can 
be extended. When given this topology, the bundle of germs is called the etale space 
of the sheaf of smooth functions; the abundance of fc-dimensional horizontal maps 
into J'"(]R*') is then a consequence of the abundance of A;-dimensional continuous 
maps into the etale space, that is, the fact that the sheaf of smooth functions is 
flexible in the sense of [12]. 

This can be used to construct other examples of families of groups with euclidean 
Dehn function. The J™(]R'=) arc groups which can be constructed as quotients of 
the etale space of a flexible sheaf, and other flexible or microflexible sheaves lead 
to groups with euclidean Dehn functions as well. 
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4. NON-EUCLIDEAN BOUNDS ON HIGHER-ORDER FILLING FUNCTIONS 

Previously, we used yi-horizontality to give a euclidean bound on filling func- 
tions. In this section, we will consider conditions like those in [14, 5.A4] which 
provide more general upper bounds. 

The key property of horizontal maps used in the proof of Theorem 3 is that they 
grow and shrink at controlled rates. That is, if G is a Carnot group and a is a 
horizontal j-chain a, then 

vol(sf(cr)) =t^vo\{cr). 
Wc generalize this condition as follows: 

Definition 9 ((a, 6)-horizontal map). /// is an injective linear map R" Q, it is 
{a, 6)-horizontal if and only if there exists c such that 

YOl{St{f{B)))<ct'>YOl{f{B)) 

for t>l and 

vol(st(/(i?))) <cf"vol(/(B)) 
for t < 1, where B is the unit ball in M". 

If a : X ^ G is a Lipschitz map from a simplicial complex to G, it is {a, b)- 
horizontal if its derivative is {a, b) -horizontal almost everywhere. 

The constant c in fact depends only on a, b, and the metric on g, so if a is 
(a, 5)-horizontal, then 

vol(st o a)) < ct^vol{a) 

for t > 1, and 

vol(st o a)) < ct" vol(a) 

for t < 1. 

For example, a,Va(B - ■ - (B Vb-horizontal n-chain in G, is {an, &n)-horizontal. One 
can also consider more complicated tangency conditions; for instance, a map whose 
derivative is everywhere tangent to a plane spanned by a vector in Vi and a vector 
in V2 is (3, 3)-horizontal. 

The following theorem then follows from a variation on the proof of Theorem 3: 

Theorem 6. Let G be a nilpotent Lie group with left-invariant riemannian metric 
and r cG a lattice such that S2(r) c F. 

Let tp, T, (f>, and v satisfy all of the conditions of Lemma 4 except the horizontality 
conditions. Choose {aj} and {bi} such that (/>|^(i) anrf VLc*) {ai,bi) -horizontal 
maps. Then 

for j < dim(G) . 

Sketch of proof . We proceed similarly to the proof of Theorem 3. 

Let a be a (7 — l)-cyclc. Recall that the chain a + dQr{a) = Prioi) approximates 
a and is (aj_i, 6j_i)-horizontal, so by replacing a with PT{a), we can assume that 
a is (flj-i, 6j_i)-horizontal without loss in our bounds. 

Then we can define Pi{a) and Ti{a) as before. We get weaker bounds on the 
volumes: 

vol(Pi(a)) < c2^^i-'-''i-''i'Yo\{a) 
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vol(T,(a)) < c2(''^-"^-i)'vol(a) 

for some c. 

We then construct as before 

where we choose io to be the minimal integer such that 

c^c2-"^-^('°+i)vol(a) < C 
for C the minimal volume of a j — 1-simplex of r. Then Pr{{s^il+i )'^ (a)) = and 

Pi„+i(«) =0. 
Summing the volumes, we find that 

vol(/3) < c'(vola) "j-i 
as desired. □ 
As an aid to applying the theorem, we prove the following lemma: 

Lemma 13. If G is a homogeneous nilpotent Lie group of nilpotency class m, 

k > I, and kq : K ^ G is a map of a simplicial complex into G which is (a, 6)- 
horizontal on K^''^ , there is a map k : K ^ G which agrees with kq on K^'^) and IS 
(a + 1, 6 + m) -horizontal on . // there is an action ofTcG on K such that 

Ko is equivariant, then k can be chosen to be equivariant as well. 

Proof. The proof uses the methods of [14, 5.A2] and [18]: if / : dA — > G is an 
(o, 6)-horizontal map of a /c-simplex, then there is a map 

g:A= {OA x [0, l])/dA xO^G 

g{x,t) = st{x) 

extending /. Moreover, the derivative g'{x,t) : TA x M — > TG is (a, 6)-horizontal 
on TA and (1, TO)-horizontal on R, so the map is (a + 1, 6 + m)-horizontal. 

Using this construction, we can work simplex by simplex to extend kq as desired. 

□ 

As an example, we can find bounds on FVk+i for J™(IR'^). Lemma 12 gives a 
(fc, k) horizontal map on t^'^^ , so Lemma 13 provides a(fc + l,fc + m + l)-horizontal 
map on r*^'^+^-*. Then by Theorem 6, 

FVk+i{V) ^V''^ 

In the next section, we will show that this bound and the euclidean bounds in lower 
dimensions are sharp. 

Another possible application is finding bounds on the filling functions of arbitrary 
homogeneous m-step nilpotent groups which contain lattices. Any nilpotent group 
satisfies property horizi, so we can always find a (1, l)-horizontal map on a 1- 
skelcton. The methods above allow us to extend it to an (n, l + m(n— l))-horizontal 
map on the n-skeleton. Thus if G is a homogeneous m-step nilpotent group which 
contains a lattice, its filling functions satisfy the bound 

m(n-l) + l 

FVn{V)^V^^. 

This is not sharp; Wenger has found better bounds using cone type inequalities [23]. 
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5. Lower bounds on higher-order filling functions 

Methods similar to those used by Gromov [14]; Baumslag, Miller, and Short [3]; 
Pittet [19]; and Burillo [6] give lower bounds for higher-order Dehn functions. 
Baumslag, Miller, and Short note that if z is an invariant 2-cocycle in a group 
G, simplicial if G is discrete, de Rham if G is Lie, then the value of z on an 2-chain 
a is determined by its boundary da.. Furthermore, the value of z{a) is bounded 
by the area of a, so if z(a) is large, a must be large. In fact, any chain filling da 
must be large, giving a lower bound on ^ipa) and FVi(da). If there are a cocycle 
z and a family of a with small boundaries and large values of z{a), one gets lower 
bounds on the asymptotics of FV and (5. 

Pittet found such cocycles and cycles by looking at 2-dimensional subalgebras of 
a nilpotent Lie algebra. If a is such a subalgebra and the map H'^{g, K) — > H'^{a, M) 
induced by inclusion is nonzero, there is a class in H'^{q,M.) which measures areas 
in a. By constructing curves approximating the boundary of large rectangles in a, 
he found lower bounds on the Dehn function of the group. Burillo generalized the 
argument to higher dimensions and explicitly constructed families of cycles in the 
Heisenbcrg groups to give lower bounds for their higher-order filling functions. 

We will give lower bounds in the n-dimcnsional case by using similar arguments: 
we will obtain a family of horizontal chains which approximate the boundaries of 
balls in appropriate subgroups. To state our theorem, we will need to understand 
how scaling afi'ects cochains. To that end, we define a grading on the de Rham 
cochains. The grading of a homogeneous nilpotent Lie algebra g induces a grading 
on its dual g*, which generates the algebra /\g* of de Rham cochains. This gives 
a grading: 

where m is the degree of polynomial growth of the corresponding Lie group and Km 
is 1-dimensional, generated by the volume form of the Lie algebra. This grading 
is preserved by the differential and by the scaling automorphism. In particular, Sj 
acts on the ith factor as multiplication by t*. If w is an n-chain and z £ Ki is an 

n- CO chain, 

z{st{v))=s:{z){v)=fz{v). 
We prove the following theorem: 

Theorem 7. Let G be a simply connected homogenous nilpotent Lie group with 

a left-invariant riemannian metric and let t, 4> be maps as in Theorem 6 such 
that (j> restricts to a {j, k) -horizontal map on t^"~^\ Let a be an n-dimensional 
Lie subalgebra of g and z G Ki be an n-cocycle which does not map to zero under 
the m,a.p i?"(g,M) F"(a,M) induced by a C g. Then FVn{V) y V^l^ and 

Sn-l{V) y V'/'' 

Proof. We want to find an n-chain a such that St{da) grows slowly (i.e. da is k- 
horizontal) and z{st{a)) grows quickly. Let ^ C G be the subgroup determined by 
a. Since any subgroup of a nilpotent group is nilpotent, A has polynomial growth 
and for any e > 0, we can choose a ball ao such that vol(9ao) < evol(ao)- We 
consider ao as an n-chain by giving it an orientation. 

Since the image of z in -ff"(a, R) is nonzero, it is a nonzero multiple of the volume 
form. Let be such that z{ao) = vol(ao); by possibly replacing z with —z, we 
can assume > 0. Include ao in G and consider Po{dao). By Lemma 7, there is 
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an n-chain j3o such that dfh = dao — Po{dao) and 

vol/3o < Cvol(5ao) < Cevol{ao)- 

Let a = ao — Po- Then 

\z{st{a))\ > \z{stiao))\ - \z{st{Po))\ 

> c^f vol(ao) - \z\fvo\{po) 

> Czfvo\{ao) - |^;|Cef vo1(q:o)- 
If Ca = {cz — |2:|Ce) vol(ao), then 

FVMa)) > cj. 
If e < Cz/\z\C, then Ca > 0, and since 

Yo\{dst{a)) = vol(st(Po(9ao))) < ct'= vol(Po(9ao)) 
we conclude that FV„{V) y V^l^ and (5„_i(F) > V'l^ □ 

Wc can use this to show that for the groups J™(R'^), the upper bounds on FVi 
when i <k + l given by Theorem 5 and in Section 4 are sharp. By Lemma 12, there 
is a : J™(M'=) J'"(M'=) and r a triangulation of J™(M'=) such that (j) restricts 
to a (?', ?')-horizontal map on t^*^ when i < k. To apply Theorem 7, we need to find 
appropriate cohomology classes and subalgebras. 

The Lie algebra of J'"(M'^) can be decomposed as 

jm,fe = i^'" e Wm) e Wm-1 8 • • • Wq. 

Let ei, . . . , Cfe generate M'^ and let en = (ei, . . . , e^) for i < fc and Ofe+i = K*^ ® Wq. 
Then en is an i-dimensional subalgebra of )m,k- Write 

fm^k = {R'^y e © © • • • e in*- 

Let e*, . . . , generate {R'')* and generate Wq. If 

2;i = e* A • • • A for i < A; 

and 

2/0+1 = ei A • • • A Cfe A w*, 
then e if, for i < fc and Zk+i € A'fe+„i+i. Moreover, is an i-cocycle which 
does not map to zero under the map H''{jm,k,^) — * H^{ai,M.). Thus for J'"(M*'), 

FVi{V) ~ Si-i ~ for i < fc 
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